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Approximate theoretical relations are obtained which describe the 
variations of the local (averaged across the section) concentrations 
and the mean longitudinal concentrations of vertical monodisperse 
gas-suspension flows. A comparison with experimental data reveals 
satisfactory agreement. 

Le t  us  d e r i v e  t h e o re t i c a l  r e l a t i o n s  by m e a n s  of 
which  an e s t i m a t e  of the t rue  c o n c e n t r a t i o n  can be 
found and c o m p a r e d  with e x p e r i m e n t a l  da ta  [1 -3] .  

We e s t a b l i s h  a s i m p l e  r e l a t i o n  be tween  the long i tud i -  
nal  c o n c e n t r a t i o n  d i s t r i b u t i o n  and the v a r i a t i o n  of p a r -  
t i c l e  ve loc i ty ,  which is  def ined by a s t e a d y - s t a t e  flow 
componen t  law, and is  e x p r e s s e d  by a f o r m u l a  fo r  the 
throughput  c o n c e n t r a t i o n  #. F o r  i n s t a n t a n e o u s  c r o s s  
s ec t ions  d o w n s t r e a m  (/3 ! << 1 - riO, we have 
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we have the fo l lowing r e l a t i o n s :  

" ~ s _  v (2) 
T Z) s 

The m i n u s  s ign  r e f e r s  to d i r ec t  flow, the p lus  s ign to 
eounter f low.  

We e x a m i n e  the case  of an  a s cen d i n g  d i r e c t  flow, 
for  which we use  an  e x p r e s s i o n  which holds  for  p a r -  
t i c l e s  with cf  = cons t  ( s e l f - s i m i l a r  flow condi t ions)  
[14]: 

Vri~Vfcthy=vfcth( g% +0.51n V'+'Vf-) .  (3) 
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Denot ing  k v = v /v f ,  and se t t ing  Vri : V(Vsi = 0), i n -  
s tead  of (1) we get 
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In o r d e r  to d e t e r m i n e  a r e l a t i o n  d e s c r i b i n g  the 
changes  in  c o n c e n t r a t i o n  over  the channel  height ,  it  is  
advan tageous  to subs t i tu te  into (4) the path  L covered  
by  a p a r t i c l e  for  the t ime ,  R e f e r r i n g  to an e x p r e s s i o n  
fo r  '7" s [5] which holds for  the c o n d i t i o n Z  > 0 , 5 - 1  (the 
e r r o r  of the f o r m u l a  is  +3.5-8%) ~ we get 
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The va lue  for  the c o n c e n t r a t i o n  ave raged  o v e r  the c h a n -  
ne l  length  is  
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A r e l a t i o n  such  as  (7) can be  obta ined  m o r e  s imp ly  and 
without  e r r o r  in ~'s by i n t e g r a t i n g  in (7). To th is  end, 
we wr i t e  the ra t io  of the ave raged  t rue  c o n c e n t r a t i o n  
to th e throughput  c o n c e n t r a t i o n  in t e r m s  of the r a t i  O of 
the t i m e  of mo t ion  of the flow componen t s ,  where  ~'s 
i s  subs t i tu t ed  in acco rdance  with (5) [5]: 

[3 _ % k, ( 1 +  v~ in k ~ + l  ) (8) 

F o r  the  eounter f low,  in acco rdance  with [5], we get: 

l ( L vf 2 )  
~s  ~ - -  + In ~ . (9)  
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Then,  for  the ave raged  concen t r a t i on ,  we have 

[~ _ " ~ s  k ~  (1 + v~ in 2 ) . ( 1 0 )  
[~thr 72 1 -- k~ gL ko + 1 

The obta ined  r e l a t i o n s  a r e  val id  for  e a se s  in which 
the h y d r o m e c h a n i e a l  i n t e r a c t i o n  be tween  the p a r t i c l e s  
and the channe l  wai l s  can be neglec ted .  It is  sugges ted  
that  this  i n t e r a c t i o n  be t aken  into account  v ia  the p a r -  
t i c l e - f l ow  c r i t e r i o n  Kw, which is the ra t io  of the i n -  
t e r a c t i o n  f o r c e s  be tween  the p a r t i c l e s  and the wal l  to 
the p a r t i c l e  weight.  On the b a s i s  of Pa l ' t sevTs  data [6], 
we have 
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w h e r e  m ~ 0.0037. 
Then,  the l i m i t i n g  r e l a t i v e  v e l o c i t y  i s  

(11) 

Olirn.r = V:f Y 1 q- Kw , (12) 

whi le  the in i t ia l  d i f f e r e n t i a l  equa t ion  t akes  the f o r m :  
2 2 
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T r a n s f o r m i n g  and s e p a r a t i n g  v a r i a b l e s ,  

gd'~s=dV~/{1--v2r[lq__YDD (V__Vr,2] },  (14) 

we i n t e g r a t e  (14), a s s u m i n g  that  
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This  e x p r e s s i o n  m a k e s  it p o s s i b l e  to e s t i m a t e  the t i m e  
of p a r t i c l e  m o t i o n  in an a s c e n d i n g  a i r  s t r e a m ,  f o r  the 
c a s e  in which  the K w c r i t e r i o n  m a y  not be n e g l e c t e d  
and when the r e l a t i v e  p a r t i c l e  v e l o c i t y  i s  known. 

A c c o r d i n g  to (16), the t i m e  ~'s is  c o m p o s e d  of two 
p a r t s ,  e a c h  of which  d e g e n e r a t e s  in a d i f f e r e n t  f a sh ion  
when m ~ 0: the f i r s t  t e r m  y i e ld s  the so lu t ion  p r e v i -  
ous ly  ob ta ined  f o r  K w = 0, whi le  the second t e r m  v a n -  
i s h e s .  

F u r t h e r m o r e  it should be  noted r e g a r d i n g  (16) that  
in the g e n e r a l  e a s e  the i n t e r a c t i o n  f o r c e s  b e t w e e n  the 
p a r t i c l e s  and the wal l  can inf luence  p a r t i c l e  a c c e l e r a -  
t ion in two d i f f e r e n t  ways .  Thus ,  the addi t iona l  f r i c -  
t ion f o r c e s  at the channel  wa i l s  ac t  to r e d u c e  the a c c e l -  
e r a t i o n  t ime .  Th i s  is r e f l e c t e d  by Vlim. r e x c e e d i n g  
v f - - i ,  e . ,  b y a  d e c r e a s e  in the  v e l o c i t y  i m p a r t e d  to the 
p a r t i c l e s  d u r i n g t h e  p r o c e s s  of s t a b i l i z a t i o n  of t h e i r  a v e r -  
aged  mo t ion  (v s = V - V l i m .  r < v -  vf). On the o t h e r  
hand, d e c e l e r a t i o n  of the p a r t i c l e  v e l o c i t i e s  in the 
bounda ry  l a y e r  combined  with the n e c e s s i t y  of r e a c c e l -  
e r a t i n g  them l eads  to an i n c r e a s e  in the a c c e l e r a t i o n  
t ime .  T h i s  combined  e f fec t  is r e f l e c t e d  by the two 
t e r m s  in e x p r e s s i o n  (16): the f i r s t  t e r m  r e f l e c t s  the 

f a c t o r s  which  tend to i n c r e a s e  the t i m e  of p a r t i c l e  
m o t i o n  p r i o r  to the e s t a b l i s h m e n t  of a c e r t a i n  r e l a t i v e  
v e l o c i t y ,  while  the second t e r m  r e f l e c t s  the addi t iona l  
f a c t o r s  which  tend to d i m i n i s h  th is  t i m e ,  and which 
v a n i s h  fo r  K w ~ 0. 

F o r  th is  r e a s o n ,  i t  is  of i n t e r e s t  to ana lyze  e x p r e s -  
s ion  (16) fo r  the p a r t i c u l a r  c a s e  in which the second  
t e r m  is  m u c h  s m a l l e r  than the f i r s t .  A c o m p a r i s o n  of 
t h e s e  t e r m s  shows that  this  c a s e  can  o c c u r  f o r  s u f -  
f i c i e n t l y  s m a l l  p a r t i c l e s  (of << v). 

In such  c a s e s ,  in addi t ion  to the d e t e r m i n a t i o n  of 
r s  = f (Vrl )  f r o m  f o r m u l a  (16), i t  is  p o s s i b l e  to c a l c u -  
la te  the r e l a t i v e  v e l o c i t y  as a func t ion  of t i m e  o r  the 
path.  In t roduc ing ,  in the s a m e  m a n n e r  as  in (3), 

Ori -~O[im.r-~ gD 
7' -- g~s + 0 . 5 i n  �9 rnw~ ' (17) 
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w h e r e  

* V mY2 
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f r o m  (16) (neg lec t ing  the second  t e r m )  we get  
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Vrl = V~m.rCthy*-- mw~ gD " (19) 

According to (19), the path covered by the particles 
during the time ~r s is: 

L = v'~ s --  S Vr idv ,  = OT s 1 + 
gD ] (20) 0 

Olim.rl n Ori + gD / 
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In a c c o r d a n c e  with [5], we r e w r i t e  e x p r e s s i o n  (20) 
in a f o r m  which y i e ld s  the i m p o r t a n t  r e l a t i o n  ~'s = f (L) :  
exp Z* = s h y * :  

Z* vg'~ ( ~-rnv2r ~ v*'gL 
-- 7~ l + g D /  

Olim.r lim.r 
( mu~i'J ~2 .2 

Ori + ~ ' - }  - -  Vlim. r 

2 0 *2 
lim.r 

F o r  Z* > 0 . 5 - 1  ( acco rd ing  to [5], the e r r o r  m a y  be  
a s s e s s e d  f r o m  Z* = Z), wi th in  a c e r t a i n  a p p r o x i m a t i o n ,  
we get:  

y* ~ in 2 + Z*, 

* L ~ h, o,~ + Gm.~+ m w V g D  + _ _  

% = g 2V*tim'r V;im'r (21) 

v 1 +  - - 1  
Olim. r gD / 

On the b a s i s  of (19) and (21), we obta in  r e l a t i o n s  
f o r  d e t e r m i n i n g  the  loca l  and m e a n  t rue  e o n c e n t r a -  
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V e r i f i c a t i o n  of the obta ined  r e l a t i o n s  (19), (20), 
(21), (22), and (23) with r e s p e c t  to the l i m i t i n g  c o n -  
d i t ion  m = 0 y i e ld s  e x p r e s s i o n s  (3)-(5)  and (6), (7) 
which  w e r e  f o r m a l l y  obta ined fo r  the cond i t ions  Vlim. r 

V l im. r  = vf (K w = 0). 
A e o m p a r i s o n  be tween  M a k s i m c h u k ' s  data wi th  

r e s p e c t  to Vs/V and the r e s u l t s  of c o m p u t a t i o n s  f r o m  
f o r m u l a  (6) is  g iven  in F ig .  1 and Tab le  1. The c o m -  
p a r i s o n  is  p o s s i b l e  i n a s m u c h  as  e f  = eons t  (Ref >- 10-3), 
v ~ const ,  Z > 0.5 (except  the in i t i a l  s ec t ions ) .  In the 
c a l c u l a t i o n s ,  use  is  m a d e  of the v e l o c i t i e s  i m p a r t e d  to 
a g r a i n  of wheat ,  which  a c c o r d i n g  to [1] a r e  10 m / s e e  
f o r  a g r a i n  m o v i n g  in a 1 0 0 - m m - d i a m  tube,  and 9.2 
m / s e e  fo r  a 4 1 - m m - d i a m  tube.  The  l a t t e r  va lue  was  
t aken  f o r  channe l s  m e a s u r i n g  52.5 m m  in d i a m e t e r .  
The d i s t a n c e s  to the c r o s s  s e c t i o n s  fo r  which the  c o m -  
pu ta t ions  w e r e  p e r f o r m e d  w e r e  iden t i ca l  wi th  the  e x -  
p e r i m e n t a l  ones .  In an e x a m p l e ,  u s e  was  m a d e  of da ta  
ob ta ined  f o r  a m a t e r i a l  th roughput  of 1 t o n / h r ,  a i r  
speeds  of 15, 25, and 35 m / s e e ,  and D = 100 and 52.5 
m m .  A c c o r d i n g  to the da ta  in [1], a change  in the m a s s  
f low r a t e  to 4 t o n / h r  (# to 10) has  a l m o s t  no e f f ec t  on 
the " s l ipp ing"  of the v e l o c i t y  componen t s .  

T a b l e  1 shows that  the dev ia t ion  b e t w e e n  the a n a -  
ly t i ca l  and e x p e r i m e n t a l  da ta  is  m o s t  p ronounced  in 
the  in i t i a l  s e c t i o n s  of the channel ,  w h e r e  it v a r i e s  b e -  
tween  12.2 and 4 9 . 5 ~ .  Th i s  can be  a t t r ibu ted  to two 
f a c t o r s .  F i r s t ,  the compu ta t i ons  did no t  take  into a c -  
count  the p o s s i b i l i t y  that  the in i t i a l  p a r t i c l e  v e l o c i t y  i s  
g r e a t e r  than z e r o  (Vri < v), which  depends  on the c o n -  

d i t ions  under  which the m a t e r i a l  was in t roduced  into 
the  channel ,  and which is  e s s e n t i a l  fo r  p a r t i c l e  a c c e l -  
e r a t i on .  The second  f a c t o r  is a s s o c i a t e d  with the s m a l l  
v a l u e s  of the  c o m p l e x  Z in the in i t ia l  s ec t ions ;  th is  
i n c r e a s e s  the e r r o r  of f o r m u l a  (5) f r o m  which the r a t io  
f i l / f l t h r  is computed .  This  s i tua t ion  b e c o m e s  the  m o r e  
p ronounced  the h i g h e r  the a i r  speed .  In th i s  connec t ion  
i t  m a y  be s ta ted  that  the computa t iona l  a c c u r a c y  f o r  
such  c a s e s  (Z < 0.5 to 1) m a y  be  i n c r e a s e d  by m e a n s  
of a r e l a t i o n  of the type p r o p o s e d  in [4]. In m a n y  c a s e s ,  
h o w e v e r ,  such  a c o m p l i c a t i o n  of compu ta t i ons ,  which 
a r i s e s  f r o m  the use  of two ana ly t i ca l  r e l a t i o n s  (for 
Z > 0.5 and Z < 0.5), one of which (for Z < 0.5) i sbu lky ,  
i s  not  jus t i f i ed  s ince  the d i s c r e p a n c y  be tween  m e a n  
c o n c e n t r a t i o n s  i s  in the whole qui te  s a t i s f a c t o r y  (see 
Tab l e  3) and does  not exceed  the e x p e r i m e n t a l  e r r o r .  
It should be  noted that  the d i s c r e p a n c y  b e t w e e n  the 
e x p e r i m e n t a l  da ta  [2, 3] and an a p p r o x i m a t e  r e l a t i o n  
p r o p o s e d  in [2] can be as high as 2 0 - 3 5 % .  

F r o m  Table  1 it  can be  seen  that  the d i s c r e p a n c y  of 
da ta  beyond the ou t le t  s ec t ion  d e c r e a s e s ,  changes  i ts  
s ign,  and i n c r e a s e s  s o m e w h a t  in a b s o l u t e v a l u e ,  a m o u n t -  
ing  to only a few p e r  cen t  at the  end s e c t i o n s  of the 
channel .  One of the f a c t o r s  r e s p o n s i b l e  f o r  th is  b e -  
h a v i o r  of the dev i a t i on  of data  is  the e r r o r  involved  in 
the  e x p e r i m e n t a l  p r o c e d u r e ,  whe re  e s s e n t i a l l y  a v e r -  
aged v a l u e s  of Vsl o r  /31 a r e  taken as  the loca l  v a l u e s  
in the  ind iv idua l  c r o s s  s ec t i ons .  

No tewor thy ,  at the s a m e  t ime ,  is a c e r t a i n  t endency  
of the loca l  c o n c e n t r a t i o n  (and consequen t ly  of the  p a r -  
t i c l e  ve loc i ty )  toward  an a sympto t i c  a p p r o a c h  to a c o n -  
s t a n t v a l u e  (Fig .  1). Th is  c h a r a c t e r i z e s ,  on one hand, the 
p r e v i o u s l y  noted [4, 5] t endency  of the a c c e l e r a t i o n  t i m e  
toward  inf ini ty,  and, on the o the r  hand, the p o s s i b i l i t y  
of d e t e r m i n i n g  a p p r o x i m a t e l y ,  wi th  a def in i te  a c c u r a c y ,  
the onse t  of s t ab i l i z ed  mot ion .  The t i m e  at  which the 
m o t i o n  wil l  s t a b i l i z e  is d i r e c t l y  p r o p o r t i o n a l  to the 
v e l o c i t y  of the t r a n s p o r t i n g  m e d i u m .  

Tab le  2 g ive s  a c o m p a r i s o n  b e t w e e n  the t h e o r e t i c a l  
so lu t ion  and e x p e r i m e n t a l  data  obta ined  in [2] fo r  a 
d i f f e r e n t  m a t e r i a l  (quar tz  sand),  a s m a l l  channel  d i -  
a m e t e r ,  and by a d i f f e r en t  me thod  ( f i - r ad ia t ion)  which,  
h o w e v e r ,  does  not y ie ld  r e l i a b l e  m e a s u r e m e n t s  of the 
m e a n  c o n c e n t r a t i o n  a c r o s s  the s e c t i o n s .  H e r e ,  the  
s a m e  q u a l i t a t i v e  b e h a v i o r  of the dev i a t i ons  be tween  

~p~ / 

" , ,  > 4 &  

0 40 8~ /20 /3a g00 2Z~O 260 LID 

Fig .  1. D i s t r i b u t i o n  of the loca l  c o n c e n t r a t i o n  a long the 
channel  l eng th  (D = 52.5 ram; vf = 9.2 m / s e e ) :  c u r v e s  1,. 
3, 5 p lo t ted  f r o m  (6) f o r  v = 15, 25, 35 m / s e e ;  c u r v e s  

2, 4, 6 t a k e n f r o m  [ 1 ] f o r v =  15, 25, 3 5 m / s e e .  
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Tab le  1 

C o m p a r i s o n  Be tween  Ana ly t i c a l  Da ta  and E x p e r i m e n t a l  Da ta  [11 

Air  
speed,  
m]sec  

Channe l  
d i ame te r ,  

m m  

15 lO0 

15 52.5 

25 lOO 

25 52.5 

35 lO0 

35 52.5 

fll/~thr at a d i s t ance  f r o m  the  channe l  inle t ,  m 

0.27 

from from 
[11 (61 

5.0 4.39 

(12.2) 

4.83 ] 3.82 

(20, 8) 

0.83 

f r o m  f r o m  
[11 (6) 

�9 ,1,43 - -  

f r o m  f r o m  
[11 (6) 

3,23* 3.74 

(--15.8) 

3.15" 3.25 

(--3.2) 

2.48 

f r o m  f r o m  
[11 (6) 

3.73 

f r o m  f r o m  
[11 (6) 
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f r o m  f r o m  
11] (0) 

2,23 3,1 

2.20 2.68 

10.23 

f r o m  

111 

1.97 

4.23 2.48 

(41.3) 

4.10 2.33 

(43.2) 

4.06 2.05 

(49.5) 

3.72 1 2.00 

(46,2) 

3.74 I 4.01 

(--7.2) 

3.62 3.51 

(3.04) 

3,12 2,37 

(24) 

3,05 2.23 

(26.5) 

3,04 1.95 

2,8 [ 3.45 

2.74 3.00 
J 

2.74 

(16,8) 

2.66 1 

(19.5) 

2.65 1.94 

(26,8) 

2.44 1.90 

(22.O) 

2.52 ] 3.25 
I 

2.48 ] 2.83 

1.91 1.94 

(--1,6) 

1,86 1,82 

(2,1) 

1.85 I 1,70 

(8, I) 

1.70 1.64 

(3,5) 

1.92 

1,66" 

(35.9) 

2.78 l 1,94 

(30. O) 

t 
2.28 2.38 I 2.16 

t 
(9.2) 

2.14 2.31 2.03 

(12.1) 

2.30 1.85 

(19.5) 

2.13 I 1,82 
i 

I 
(14,5) 

2.13 ] 2.06 

(3.3) 

2,08 1.93 

(7.2) 

2,O7 t 1.80 

(13,0) 

1.91 1.74 

(8.9) 

f r o m  
(6) 

3.01 

2.62 

1.80 

(--8.4) 

1.62* 1.70 

(--4.9) 

1.61 1.58 

(I .2) 

1,48 1.54 

(--4.0) 
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f r o m  [ f r o m  

it] I :6) 

1.74 3.00 

1.70 2.58 

1.47 I 1.72 

1.45 1.53 

1.43 [ 1.50 

(--4.9) 

1,32 1.46 

(--10.6) 

N o t e :  1) E x p e r i m e n t a l  da ta  w h i ch  fo l l o w  values  m a r k e d  w i t h  an as ter isk  no  longer  sat isfy the  c o n d i t i o n  v - v s = vf; 2)  the  re la t ive  dev ia t ions  b e t w e e n  ana ly t i ca l  
and  e x p e r i m e n t a l  va lues  of  31/flthr, in pe rcen t ,  are g iven in parentheses .  

Tab le  2 

C o m p a r i s o n  wi th  the E x p e r i m e n t a l  Data in [2] 

Rat i o  o f  the  local  
to  the  t h r o u g h p u t  

Dis tance  c o n c e n t r a t i o n ,  

f r o m  the  31/3thr 
inle t ,  m f r o m  

f r o m  [2]  f o r m u l a  
(6) 

0.12 8.29 4.82 
0,21 6.45 4,52 
0. 308 5.44 4.29 
0.412 4,91 4.10 
0.612 4.56 3.87 
0.712 4,50 3.80 
0.91 4,47 3.70 
1.227 4.45 3.60 
1.625 4.45 3.54 
2. 020 4.45 3.46 

Relat ive  
dev ia t ion ,  

% 

41.7 
30.0 
21.2 
16.5 
15.1 
15.5 
17.2 
19,1 
2o,4 
22.2 

Remar.ks 

1) Qua r t z  and  par t ic les :  d s = 
= 0 .67  m m ,  vf  = 4 .85  m/sec ,  v = 
= 6.8 m/sec ,  D = 21.5 ram.  

2) Coef f ic ien t s  in the  f o r m u l a  
[ 2 ] ,  cons t an t  over  the  en t i re  
channe l  l eng th :  a = 9 .151 ,  b = 
= 0 . 4 8 4 . 1 0  -2 , c = 4 .452 .  

the  ana ly t i c a l  and e x p e r i m e n t a l  da ta  as in the p r e v i o u s  
c a s e  ( l a r g e r  dev i a t i ons  at  the in le t  and out le t  sec t ions )  
can be o b s e r v e d .  In addi t ion,  we note  that  in [2] the 

e x p e r i m e n t a l  loca l  v a l u e s  of 31 / /3 thr  a r e  not g iven,  so  
that  t hese  v a l u e s  w e r e  a s s e s s e d  f o r  Tab le  2 f r o m  a 
r e l a t i o n  in [2], hav ing  i t s  own a p p r o x i m a t i o n  e r r o r ,  on 
the b a s i s  of the  coe f f i c i en t s  a, b, e which a r e  cons tan t  
f o r  the e n t i r e  channe l ,  and which  a r e  g iven  fo r  the 
s e r i e s  of e x p e r i m e n t s  e x a m i n e d  in [2]. 

A c c o r d i n g  to [1], the m e a n  v a l u e s  of the c o n c e n t r a -  
t ion (veloci ty)  a long  the  channel  a r e  

Vs=0.8V~l; [3 v -- 1.25 v~-  . (24) 
~ t h r  ~Js O s l  

Values  fo r  3 / D t h  r a r e  g iven  ill [2, 3]. F o r  c a l c u l a t -  
ing  P / f i t h r  we use  r e l a t i o n s  (7) and (8). The  r e s u l t s  

of a c o m p a r i s o n  be tween  the e x p e r i m e n t a l  and c o m -  
puted v a l u e s  of the r a t io  of the m e a n  t rue  c o n c e n t r a -  
t ion to the th roughput  c o n c e n t r a t i o n  a r e  g iven  in Tab l e  
3. F o r  a l l  c a s e s  in which e x p e r i m e n t a l  data  y ie ld  an 

i r r e g u l a r  inequa l i ty  v r < vf  < Vlim. r ,  a v e r a g i n g  is  
p e r f o r m e d  only o v e r  the channel  lengths  w h e r e  th is  
inequa l i ty  does  not take p lace .  The need  fo r  this a p -  
p r o a c h  o c c u r r e d  only fo r  few e x p e r i m e n t a l  da ta  [1]. 
In addi t ion ,  F i g .  2 shows a c o m p a r i s o n  b e t w e e n  the 
t h e o r e t i c a l  and e x p e r i m e n t a l  da ta  [1] f o r  s o m e  m o s t  
i l l u s t r a t i v e  c a s e s  (for the lowes t  a i r  speed  of 15 m / s e c )  
of a v e r a g i n g  the t rue  c o n c e n t r a t i o n  o v e r  the  channel  
l eng th  ( s t a r t i ng  f r o m  the  inlet) ,  i nc lud ing  s e c t i o n s  
w h e r e  the condi t ion  is fu l f i l l ed  and not  fu l f i l l ed .  F r o m  
the f i gu re ,  i t  can  be  s e e n  that  fo r  s e c t i o n s  wi th  v r < vf ,  
the da ta  dev i a t i on  changes  i t s  s ign  whi le  i ts  abso lu te  
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T a b l e  3 

C o m p a r i s o n  B e t w e e n  the Ana ly t i c a l  and E x p e r i m e n t a l  [1~3] M e a n -  
C o n c e n t r a t i o n  Data  

Rat io  o f  the  m e a n  t rue  c o n c e n t r a t i o n  
Devia t ion ,  % 

Ini t ia l  e x p e r i m e n t a l  
da ta  

Data  o f  [ 1 ];  L = 16.5 m;  
gra in ;  D = 100  m m  

Same  for  D = 52 .5  m m  

Data  o f  [2 ] ; L = 2.3 m; 
q u a r t z  sand;  D = 21 .5  m m  

2 E  ~ o o  
~ ~ I ~ l ~ ~ I 

m~ I ~ ]  : ~  lexperi- 
:~ '~ ~ = :~ mental  

--4.~ 0 15 4.06 
0 25 1.84 
0 J 35 11.64 

>> 9.2 15 3.42 
9.2 25 1.82 

I 9,2 35 1.65 
o.28 2.251 6.25 2,14 
u.o[ 4.85 6.80 4.93 
0.67 I 4.85 10.17 3.60 
1.26 / 6.7 12 .70  5.21 
2.4 I 6.4 13.50 3.76 
2.4 I 6.4 14.90 4.28 
2.4 ~ 6.4 J 16.80 3.51 
2.4 ] 6.4 J 21.0 4.02 

to  the  t h r o u g h p u t  c o n c e n t r a t i o n  ~]#thr  

f r o m  f rom 
(7) (8) 

4.12 3,42 
1,92 2.25 
1.68 2.14 
3.38 2.97 
1,82 2.09 
1.45 1,97 

1.15/1.86 1.66/1.96 
3.70 4.17 

2.26/2.68 2.78/3.18 
2.26/3.34 3.65/4,19 
2.50/3.02 3.98 
2,33/2.98 3.96 
2,16/2.85 3.96 
1.96/2.85 4.14 

Data  [ 3 ] ;  I, = 1.7 m; mil-  
l e t ; D = 2 6 m m  

w i t h  
respect 
to (7) 

1,4~ 15.7 
4.3! 22.2 
2.4, 30.4 

. F 

12.1 
13,1 
2,4.9 
25,6 
;35.9 
19.6 
30:4 
18,8 
29.2 

w i t h  
respec t  
to (8) 

13.2 
14.7 
21.2 
8.4 

15.4 
l l .7  
19.5 
5.8 
7.5 

11,4 
3.0 

Note:  The va lues  given in the  d e n o m i n a t o r  of  a f r ac t ion  refer  to  #//3th r va lues  o b t a i n e d  w i t h  a l lowance  for  the  in f luence  
o f  K w af te r  one  i t e r a t i on  s tep .  

a 

! 
5.__ 

2 

2~ fO /~ /8 22 26 

b F 
o 20 4,0 6o 8g 4/D 

Fig. 2. Longitudinal distribution of 

lengthwise averaged concentration: 

a) D = i00 mm, vf = i0 m/see, v= 

= 15 m/sec; b) D = 52.5 ram, v = 9.2 

m/see; i) formula (7); 2) taken from 

[1]. 

va lue  is  h a r d l y  af fec ted .  The in f luence  of the c r i t e r i o n  
K w can be  a s s e s s e d  a p p r o x i m a t e l y  by the fo l lowing  
i t e r a t i v e  t echn ique .  A f t e r  d e t e r m i n i n g  f i / f l  th r  f r o m  
f o r m u l a  (7) o r  (8), v s and K w = mvsZ /gD a r e  eva lua ted .  
Then,  Vlim. r = vf(1 + Kw) 1/2 i s  subs t i tu ted  f o r  vf in 
the ana ly t i ca l  r e l a t i o n ;  in m o s t  c a s e s ,  th is  is su f f i c i en t  
fo r  ob ta in ing  p r e l i m i n a r y  e s t i m a t e s  of the  in f luence  of 

K w on f l / B t h r .  
F r o m  Tab le  3, the fo l lowing  m a y  be  e s t a b l i s h e d :  a) 

the dev i a t i on  be tween  r e s u l t s  ob ta ined  by the c o m p u t a -  
t ional  me thod  p r o p o s e d  and e x p e r i m e n t a l  da ta  obta ined  
by d i f f e r e n t  m e t h o d s  by v a r i o u s  i n v e s t i g a t o r s  f o r  d i f -  
f e r e n t  channe l  and p a r t i c l e  d i m e n s i o n s  and d i f f e r e n t  
p a r t i c l e  v e l o c i t i e s  l i e s  b e t w e e n  0 and 35%; the m e a n  
va lue  of the  dev ia t ion  does  not e x c e e d  15 to 20%; b) 
the  da ta  ob ta ined  in [1] a r e  b e s t  a p p r o x i m a t e d  by f o r -  
m u l a  (7) {mean dev ia t ion  on the o r d e r  of 4%), da ta  [2] 
a r e  b e s t  a p p r o x i m a t e d  by  f o r m u l a  (8) (mean  dev ia t i on  
on the o r d e r  of 12%); f o r m u l a  (8) y i e ld s  a l so  the b e s t  
a p p r o x i m a t i o n  f o r  da ta  [3] (mean  dev ia t i on  on the o r d e r  
of 7%); c) a l lowance  f o r  the in f luence  of K w by an a p -  

p r o x i m a t e  me thod  (based on the subs t i tu t ion  of the 
r e l a t i v e  l i m i t i n g  v e l o c i t y  f o r  vf in f o r m u l a s  f o r  fl//3thr), 
in m a n y  c a s e s ,  does  not i m p r o v e  the d i s c r e p a n c y  b e -  
tween  the  v a l u e s  c o m p a r e d .  Th is  should not be  a t t r i -  
buted e x c l u s i v e l y  to the i m p e r f e c t i o n  of the c o m p u t a -  
t iona l  r e l a t i o n s ,  s ince  the s p e c i f i c  f e a t u r e s  and e r r o r s  
of the v a r i o u s  m e t h o d s  e m p l o y e d  in [1 -3]  m a y  a l so  be  
invo lved .  

NOTATION 

fl is  the  v o l u m e  c o n c e n t r a t i o n ,  ma/m3;  v i s  the  a b -  
so lu te  v e l o c i t y ,  m / s e e ;  /3s r is  the  throughput  v o l u m e  
c o n c e n t r a t i o n ,  m 3 , s e c / r n  ~. sec;  v r ,  Vl im.  r ,  and vf a r e  
the r e l a t i v e  v e l o c i t y ,  l i m i t i n g  r e l a t i v e  v e l o c i t y ,  and 
f r e e - f a l l  v e l o c i t y ,  r e s p e c t i v e l y ;  D is  the channel  d i -  

a m e t e r ;  L is  the pa th  length;  p i s  the dens i ty ;  T is the 
t i m e  of mot ion .  Subsc r ip t s :  s r e f e r s  to a so l id  p a r -  
t i c le ;  v a l u e s  wi thout  th is  s u b s c r i p t  r e f e r  to a c o n -  
t inuous  m e d i u m ;  s u b s c r i p t  1 r e f e r s  to loca l  v a l u e s  
a v e r a g e d  a c r o s s  the sec t ion ;  v a l u e s  without  th is  s u b -  
s c r i p t  a r e  a v e r a g e d  a long  the  length;  i r e f e r s  to the  
in i t ia l  ins tan t .  
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